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Abstract 

We discuss the extension of the Lewis and Riesenfeld method of solving the 
time-dependent Schrodinger equation to cases where the invariant has continuous 
^ ' eigenvalues and apply it to the case of a generalized time-dependent inverted har- 

QQ , monic oscillator. As a special case, we consider a generalized inverted oscillator with 

o 
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constant frequency and exponentially increasing mass. 

PACS number(s): 03.65.Ca, 03.65.Fd, 03.65. Ge. 

I. INTRODUCTION 



^ ' In the last few years, the study of the time-dependent inverted harmonic oscillator 



has attracted some attention in the literature [1-4]. Despite its mathematical interest. 



^ I this problem may find interesting applications in different areas of physics once many 

' quantum-mechanical effects can be treated phenomenologically by means of the time- 

dependent parameters in the Hamiltonian of the system. 

The time-dependent inverted harmonic oscillator is exactly solvable just like the stan- 
dard time-dependent harmonic oscillator. However, the physics of the time-dependent 
inverted oscillator is very different: it has a wholly continuous energy spectrum varying 
from minus to plus infinity; its energy eigenstates are no longer square-integrable and 
they are doubly degenerate with respect to either the incident direction or, alternatively, 
the parity. 
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The time-dependent inverted harmonic oscillator with an exponentially increasing 
mass and constant frequency, the so-called inverted Caldirola-Kanai oscillator, has been 
discussed by Baskoutas et ali3|. On the other hand, the most general case where mass 
and frequency are both time-dependent has been considered by us in Ref.^. 

In this paper, we discuss the Lewis and Riesenfeld (LR) invariant method[2] to cases 
where the invariant has continuous eigenvalues and apply it to obtain the exact wave 
functions of a generalized time-dependent inverted harmonic oscillator. As a special 
case, we also find the wave functions of a generalized inverted oscillator with constant 
frequency and exponentially increasing mass. In Sec. II, we briefly outline the LR invari- 
ant method to cases where the invariant has continuous eigenvalues. In Sec III, we find 
the Schrodinger wave functions for a generalized time-dependent inverted oscillator. In 
addition, as a particular case, we obtain the wave functions of a generalized inverted 
oscillator with constant frequency and exponentially increasing mass. We end with a 
summary in Sec. IV. 

II. THE LR INVARIANT METHOD: CONTINUOUS EIGENVALUES 

The work of LR[H] assumes that the eigenvalue spectrum for the invariant is discrete. 
Here, we wish investigate the LR method in the case of continuous eigenvalues. To do 
so, we will consider a quantum system characterized by a time-dependent Hamiltonian 
H(t) and whose corresponding Schrodinger equation is 



dt 



Hmiq, t). 




A Hermitian operator I{t) is called an invariant for the system if it satisfies 





The eigenvalue equation for I{t) can be written as[£] 




(3) 



where 




(4) 



With the aid of Eq. @ , it is easy to show that 



The solutions tpxiq, t) for the Schrodinger equation (0) can be expressed as 

t) = e^°-W(/<A(g, t), (6) 
where the phases functions a„(t) are found from the equation 

0a) . (7) 
Therefore, we may write the general solution of Eq. as [6] 

iP{q,t)= J c{X)e'-^^'Uxiq,t)dX, (8) 

where 

c{X) = {MQ,0)\^P{q,0)). (9) 

Finally, let us recall that the calculations are similar, though not identical to the discrete 
cases. 



' dt 
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III. THE GENERALIZED TIME-DEPENDENT INVERTED 
HARMONIC OSCILLATOR 
A. Exact invariants and the solution of the Schrodinger equation 

Consider the generalized time-dependent inverted oscillator described by the Hamil- 
tonian 

H{t) = - \M{t)u;\t)q' + ^{pq + qp), (10) 

where q e p are canonical coordinates with [q, p] = ih, M(t) and uj{t) are time-dependent 
mass and frequency and y{t) is an arbitrary function of time. Note that the Hamilto- 
nian H1U|) can be obtained from the standard generalized time-dependent oscillator by 
replacement uj{t) iuj{t). The Heisenberg's equations are 

""ili'-^i" jib <"> 

P=-^\p,H] = M{t)u,'{t)q-yp^ (12) 
^Prom Eqs. and (|12|) we readily obtain that 

q + j{t)q-Q\t)q = 0, (13) 

where 

7(t) = ^ln[M(t)] (14) 



and 



(15) 



is the modified frequency. Now, it is easy to verify that an invariant for the Hamiltonian 
(jTUI) is given by 



m 
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'}j +[pp-M{p-yp)qfy 



2 t VP. 

where p{t) is a c-number quantity satisfying the auxihary equation 
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(16) 



(17) 



Next, we want to solve the Schrodinger equation, Eq. with H{t) given by [see 
Eq. (|TI}|)] 

where p = —ihd/dq has been used. To this end, we consider the unitary transformation 



(g, t) = U<Px{q, 0, 



(19) 



where 



U = exp 



iMjt) 
2hp 



{p - yp)q^ 



(20) 



Under this unitary transformation, the eigenvalue equation, Eq. Q, with I{t) given by 
Eq. (fro)) becomes 

I'(t>\{q, t) = X(t>'x{q, t), (21) 

with 

l' = UIU^ = -^p^S.-'J'-y. (22) 



(23) 



2'^ dq^ 2 \p, 

Then, taking a = q/p we can write the eigenvalue equation, Eq. ^21^ . in the form 



■ 2 5cj2 2 



(^a(o-) = Av9a(o-), 



or 



where 



-^VA(cr) = A(/?a('7), 



(f>'xi<l, t) = ^V5a(o-) = -^fxiq/p). 
The factor l/p^^"^ is introduced into Eq. (|25() so that the condition 



(24) 



(25) 



<Px*iQ^ i)4>'\iQ7 t)dq= / ipl{a)ipx{cr) da 



(26) 



holds. Now, Eq. (|23|) is similar to the eigenvalue equation of the time-independent in 
verted harmonic oscillator Then, by setting 

A 



and 



Eq. (|23() can be written as 



n 



2X 1/2 



<7, 



^+Q-' + ^)^a(., e) = 0. 



(27) 



(28) 



(29) 



The solutions of Eq. H29|) can be expressed in terms of the parabolic cylinder (or Weber) 
functions El E|- Thus, using Eqs. (|19j) . (|2fl|) . (|25|) . (|27j) and (|28|) we get 



<^A(g, t) 



1 



1/2 



exp 



iM{t) 



2hp 



{p - yp)(t 





"py/^ A' 


fx 





(30) 



where ipx in the Eq. (|3n|) is the Weber's function. 

On the other hand, substituting Eqs. (|18() and (|19j) into Eq. (|7| and following the 
same steps as those of Refs.piTn] we find that the phase functions a\{t) are given by 

A /•* 1 



axit) 



■dt'. 



(31) 



nJo M{t')p\t') 

Therefore, using Eqs. © and H3U|) we obtain that the exact solutions of the Schrodinger 
equation for the generalized time-dependent inverted oscillator are 



,1/2 



e^°^(*) exp 



iM{t) 



{p - ypy. 







fx 





(32) 



L 2hp 

where the phase functions are given by Eq. (|3H) . Now, the general solution of the 
Schrodinger equation is found by directly substituting Eq. into Eq. (jSJ. For y{t) = 0, 
the wave functions (|32|) are exactly reduced to those of the inverted oscillator with time- 
dependent mass and frequency obtained in Ref.[4]. 

B. Generalized inverted oscillator with constant frequency and 
exponentially increasing mass 

In what follows, we consider the case where the frequency uj{t) and the function y(t) 
are constants, i.e., uj{t) = ujq and y{t) = yo and the mass is given by 



M{t) = me'K 



(33) 
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For this case, the Hamiltonian (|lflj) becomes 



H{t) = e-^'f- - ^moooe-^'q' + ^{pq + qp), (34) 
Zm 2 2 

with 7 = const [see Eq. (jl4|) ]. Note that in this case the modified frequency r2(t), Eq. (|15|) . 
is constant and given by 

n^t) = LO^ + + -fVo = nl (35) 

Here we observe that for yo = the Hamiltonian 1)341) reduces to that of the inverted 
Caldirola-Kanai oscillator [H]. 

Let us now consider a particular solution of Eq. (|17j) given by 

where 

Ql = Ql + t. (37) 
On the other hand, inserting Eqs. (|33|) and 1)36(1 into Eq. H31|) we find that 

«a(0 = -^t. (38) 

Thus, by substituting Eqs. (|36() and into Eq. (jS^ we get after minor algebra 
that 



exp 



7t X^lit ime^^ ( 7 



(39) 



\ h ) h 

which are the exact wave functions of the generalized inverted oscillator with constant 
frequency and exponentially increasing mass. For yo = 0, the wave functions (|39|) are 
reduced to those of the inverted Caldirola-Kanai oscillator 15- 

IV. SUMMARY 

In this paper, we have discussed the LR invariant method for the cases where the in- 
variant has continuous eigenvalues and have employed it to find the exact wave functions 
of a generalized time-dependent inverted oscillator. We also have obtained, as a special 
case, the wave functions of a generalized inverted oscillator with constant frequency and 
exponentially increasing mass. Furthermore, we have seen that for y{t) = and yo = 
our results agree with those obtained in Refs.jHll^. Finally, we would like to remark 



that as far as we know the Hamiltonians (|lfl|) and (|,34j) and the wave functions (|.S2jl e 
(|H4|1 have not yet been exhibited in the Uterature. 
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